QCD and QED exhibit an infinite set of three-point Green's functions that contain only OZI rule violating contributions, and (for QCD) vanish exactly in the large N c limit. This is due to symmetrization, do not follow from any Lagrangian symmetry, and constitutes the discovery of a new symmetry principle in QCD and QED. We prove that the amplitude for a neutral hybrid {1, 3, 5 . . .} −+ exotic current to create The strong nuclear force is shown to possess previously unknown exactly vanishing quantities. Paradoxically, they are not readily derivable from the explicit statement of the physical content of the theory, the Lagrangian. The experimental consequences pertain to the cen-
The strong nuclear force is shown to possess previously unknown exactly vanishing quantities. Paradoxically, they are not readily derivable from the explicit statement of the physical content of the theory, the Lagrangian. The experimental consequences pertain to the central issue in hadron spectroscopy: the search for bound states beyond conventional mesons and baryons.
Quantum Chromodynamics and Electrodynamics (QCD and QED) have discrete symmetries, amongst them reflection through the origin (parity P ) and particle-antiparticle exchange (charge conjugation C). Identical bosons are not allowed in an odd partial wave (Bose symmetry), and each state has an internal angular momentum J. In this Letter we shall demonstrate that there are infinitely many three-point Green's functions in QCD and QED, with a J P C = {1, 3, 5 . . .} −+ "exotic" current, and two J = 0 currents, which contain only OZI rule violating contributions, and for QCD vanish exactly in the large number of colours N c limit. These "zeros" must be regarded as "accidental" since they arise only in large N c QCD, analogous to the way the Schrödinger equation arises from the Dirac equation in the case of large fermion mass. In contrast to this precedent, QCD is a non-trivial theory in the actual large N c limit. The symmetry principle does not occur because of any known symmetry of QCD or QED, but is due to symmetrization, i.e. analogous to Bose symmetry. Specifically, the zeros can apparently not be derived from the Lagrangian (or Hamiltonian). It is not presently known whether a new symmetry of QCD is implicated, although this is a distinct possibility. A non-Lagrangian spin-flavour symmetry has been found for baryons in the large N c limit [1, 2] , although it is of very different character, since it arises from consistency conditions between various ways of power counting in N c . Also, non-Lagrangian symmetries have been found in other theories, e.g. the Runge-Lenz vector in classical mechanics.
It has previously been shown that the connected part of the quenched Euclidean three-point Green's function of specific two-body neutral 1 −+ and two pseudoscalar currents vanish exactly in QCD, if isospin symmetry is assumed [3] . We remove four superfluous assumptions, but still need the connected part and two-body currents. We also generalize beyond 1 −+ and pseudoscalar currents, and beyond QCD.
The amplitude for a {1, 3, 5 . . .} −+ current to create any number of asymptotic states can then be obtained from the Green's function. This is done via an alternative route to an older, erroneous [4] , treatment [3] . The amplitude for 1 −+ → ηπ 0 , which is of particular interest to us, has been studied more intuitively by Lipkin [5] .
Define the three-point Minkowski space Green's function
with x 0 ≡ t + δt, y 0 ≡ t, z 0 = 0 and z = 0, where δt is positive and non-zero. The Green's function describes the decay (production) process of a current A µ (z) at time 0 propagating into the final (initial) currents B(x) and C(y) at some time t. The currents are already time-ordered. The Green's function can be written as G S µ (x, y, z) + G A µ (x, y, z), i.e. the sum of parts symmetric and antisymmetric under exchange of x and y.
Define the "Fourier transform"
By exchanging integration variables x ↔ y
Here we wrote G µ in terms of its symmetric and antisymmetric parts, and defined Λ µ (p, t)
as the Fourier transform of the commutator [6] . It is possible to show that that Λ µ has a polynomial dependence on p if the currents B(x) and C(y) have a finite number of derivatives. For such currents there hence exists a polynomial operator (containing a derivative of high enough power in p) with the property thatÔ p Λ µ (p, t) = 0.
Exchanging integration variables x → −x and y → −y yields
by using that G µ ((−x, t + δt), (−y, t), z) = −G µ (x, y, z), by conservation of parity in QCD and QED.
Combining Eqs. 3 and 4 finally yields the result
in the limit where δt → 0.
Consider local currents of the form
where ψ i (x) is a quark or lepton field of flavour i, and a i , b i , c i are c-numbers weighting the flavours. The "matrices" a µ (x), b(x) and c(x) contain an arbitrary number of Dirac matrices, Gell-Mann colour matrices, derivatives (acting both to the left and the right), gluon or photon fields and correspond to gauge invariant currents [7] . A common choice for the flavour structure of the three currents isūu−dd,ūu+dd−ss andūu−dd, interpolating for an isovector resonance, an η and a π 0 . The matrix a µ (x) in Eq. 6 is chosen to ensure that P = −. We require that currents B and C have J = 0, as well as equality of b(x) and c(x), implying equal P and C. Because C is the same for both these currents, charge conjugation conservation requires that the C of A µ (z) is +. Similarly, the fact that P is the same and J = 0 for currents B and C, together with P = − for A µ implies by conservation of angular momentum that the J of A µ is odd. Hence A µ must be chosen to
These are exotic quantum numbers, so that the current is a hybrid meson current. The appropriate Lorentz indices are indicated by µ.
We now evaluate the contributions to the Green's function in Eq. 1 with the currents in Eq. 6. The time-ordered product is evaluated in the path-integral representation, by integrating out the fermion fields. The various contributions to this integral are now discussed.
The contribution where all the fermion fields are the same flavour is
where up quarks are used for concreteness. The properties of QCD and QED used in Eq. 7 are that the Lagrangians are: quadratic in the fermion fields, that they contain a sum over various flavour contributions, and do not permit change of one flavour into another.
In Eq. 7 the first two terms correspond to the quark line "connected" topology 1 in Figure   1 , the second two to topology 2, term five to topology 3b and term six to topology 3a. The remarkable feature of Eq. 7 is that the expression is symmetric under exchange of x and y
The contribution to the Green's function with two fermion fields the same flavour and a third different, is only symmetric in the case where x and y correspond to the same flavour fermions, and corresponds to topologies 3a and 3b. Otherwise, the contribution corresponds to topologies 2 and 3a. The contribution to the Green's function with all three fermion fields different is not symmetric and corresponds to topology 3a.
We conclude that all contributions to the Green's function from topologies 1 and 3b (and some from topologies 2 and 3a) are symmetric under exchange of x and y when b(x) = c(x).
However, topologies will in general contribute to both the symmetric and antisymmetric parts of the Green's function.
The symmetric contributions are included in the part of the Green's function which vanishes in Eq. 5. Whence
Field symmetrization selection rules (FSSR): All contributions toÔ p G µ (p, t) from topologies 1 and 3b (and some from topologies 2 and 3a) vanish exactly for all p and t for an infinite set of equal matricess b(x) = c(x) and different flavour structure currents B(x) and C(x).
These exactly vanishing contributions were foreshadowed by, and have direct analogues in, the "symmetrization selection rules I" of the non-field theoretic analysis of ref. [8] , where decays of J P C = {1, 3, 5 . . .} −+ mesons to two J = 0 meson states which are identical in all respects except possibly flavour are prohibited. The latter condition is translated into the requirement that b(x) = c(x) for the FSSR. In ref. [8] the selection rule applied to flavour components of the mesons B and C which are identical, e.g.ūu for both. This is exactly the case for the contributions to the Green's function for which we have FSSR.
The FSSR do not depend on the various parameters of QCD and QED, i.e. masses, couplings, charges, number of colours and flavours, but does require the CP violating θ parameter to be zero. FSSR also occur is pure QED.
Restricting to QCD on its own [9] , from the definition Eq. 2
where we used time translational invariance of the fields. The product B(x, 0) C(y, 0) and A µ (z) should be colourless to make the expression non-zero. Also, a complete set of asymptotic, i.e. stable, states n of QCD was inserted. If the quarks have their physical masses, the lowest asymptotic states contain the π and η. The π only decays to two photons and is asymptotic as far as QCD on its own is concerned. The η has a width of only 10
times the typical hadronic width of 100 MeV.
In QCD we are free to tune the quark masses away from the masses corresponding to experiment. Equating the up and down quark masses (isospin symmetry) forbids the decay η → πππ by G-parity conservation. The decay η → ππππ straddles the kinematic threshold, and a slight increase of the up and down quark masses would make this decay below threshold, since the π mass increases much faster than the η mass, given that the Using space translational invariance and performing one of the integrations in Eq. 8
where p n and E n are the momentum and energy of state n. The Euclidean space analogue of all the steps up to here is obtained by taking t → −it. However, we now restrict to
Minkowski space in order to integrate over time. Combining Eqs. 5 and 9 yields
where E is a real number. The delta functions indicate that the asymptotic states are at rest and have energy E. we can make no further progress. However, we shall show below that if ηπ 0 can be made below the πππ threshold, the sum is finite, and progress can be made.
Taking the ηπ 0 threshold to be below the πππ threshold for some range of quark masses, is called the "QCD dynamics" condition. This condition can heuristically be satisfied by noting that four times higher up / down quark masses would yield a two times heavier π, while the η mass would not change much, so that η can move below the ππ threshold.
The exact asymptotic η condition is simultaneously satisfied, since it only requires a slight change of up / down quark masses from experimental values.
Consider E between ηπ 0 and πππ thresholds. Then the sum in Eq. 10 is over all on-shell η and π states with momenta k 1 and k 2 respectively, i.e.
Noting that p n = k 1 +k 2 and E n = k
, and performing the integrations, Eq. 10 implies that
Here for E between these thresholds.
The SSR is more striking because the connected topology satisfies the FSSR, meaning that only disconnected topologies, which are phenomenologically suppressed by virtue of the OZI rule, contribute.
This feature puts the SSR in contradiction with most current models of QCD, although some find it in an approximate form. Particularly, the flux-tube and constituent gluon models all find an approximate selection rule for the connected decay of the low-lying 1 −+ hybrid meson to ηπ 0 [8] . In these models the decay is proportional to the difference of the sizes of the η and π wave functions, which is in contradiction with the SSR. Constituent gluon models have excited hybrid mesons whose connected decay to ηπ 0 is uninhibited, contradicting the SSR [8] . In QCD sum rules, the connected topology vanishes, consistent with the FSSR; and f (q 2 ) is small, consistent with the OZI rule [11] . A non-zero decay 1 −+ → ηπ 0 via final state interactions has been estimated from the decay of 1 −+ to two mesons which then rescatter via meson exchange to ηπ 0 [12] . The process is described in QCD by topology 1 (with a quark loop), so that it contradicts the FSSR.
We now study the effect of taking N c to be large, where hybrid mesons are known to be narrow [13] . Here one makes a classification based on power counting in N c . The 
where both expressions ordinarily remain non-zero as N c → ∞. These expressions are consequences of the FSSR and SSR in large N c , where the full Green's function and f (q 2 )
vanish exactly. The large N c limit hence has the utility of making the selection rules exact.
For large N c the SSR can be extended to all E and quark masses, including those relevant to experiment, by using the fact that the N c counting is independent of these variables [14] .
Hence a consequence of the SSR in large N c is:
i.e. vanishes exactly in the large N c limit, for all E and quark masses. This is not the same as Bose symmetry, since η and π 0 are not identical particles in the large N c limit.
One may be troubled that for experimental quark masses, the η is not quite asymptotic in QCD. This merely reflects the breakdown of formalism when asymptotic states are inserted in Eq. 8.
For equal mass light quarks (SU(3) flavour symmetry) the η and π are among the degenerate lightest states of the theory, so neither decays, satisfying the exact asymptotic η and QCD dynamics conditions, implying the existence of SSR. It has accordingly been known independently for some time that {1, 3, 5 . . .} −+ → ηπ 0 vanishes exactly in the SU(3) limit [8, 15] . The SSR is exact because the disconnected topologies in Figure 1 vanish in the SU(3) limit, noting that an SU(3) octet η or π 0 does not couple to a quark-antiquark pair created from the vacuum.
Hence SSR are exact in either the large N c or SU(3) limits, but the one does not follow from the other, as SU(3) symmetry is not a consequence of the large N c limit [2] . The experimental form factors should be more suppressed than either limit indicates, due to constraints from the other limit.
The Crystal Barrel experiment has recently claimed evidence for pp → resonant 1 −+ → ηπ 0 at a level that is a significant fraction of especially the P-wave pp annihilation [16] . Although the branching fraction of 1 −+ → ηπ 0 is not known, this is qualitatively in disagreement with the SSR if the 1 −+ resonance is interpreted as a hybrid meson.
We have found exactly vanishing three-point Green's functions in QCD in the large N c 
